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1. Introduction
! Li us c o n s id e r a  s p in ic s s  e le c t ro n  on  a tw o  d im e n s io n a l la ttic e  
ami su hm iU cd to  a  u n i fo r m  m a g n e t ic  f ie ld  a lo n g  the z -d irc c t io n  
ami i jc rp e n d ic u la r  to  th e  p la n e  o f  m o t io n . T h e  H a m ilto n ia n  o f
i1k  s \ s lc m  i.s
/i -  —^ [ p ^ e A f .  
l o i  '
( 1)
' ’^i>ponding A u th o r
I t  is s h o w n  that vv {a)  sa tis fy  th e  fo l lo w in g  re la tio n
n i a ) w ( h )  =  e x p [  / + / ; )  (4)
w h e r e f l  x b  =  a^ w h ic h  is e x a c tly  the ^ -c o m m u ta tio n
re la tio n
w{a) Mb) = gMb) Vi’(ri) , (5 )
riu system is n o t In v a r ia n t  u n d e r  tra n s la t io n s  b u t th e re  is an  
iin a iK iiK e  u n d e r  th e  s o -c a l le d  m a g n e t ic  t ra n s la t io n  o p e ra to rs
>i (a) = exp| |, (2)
a IS an arbitrary two dimensional vector and k is
k = k ^ x - \ - k ^ y -  p - ^ e A  +  e r x B .  (3 )
H ie re  is a relationship between magnetic translation 
quantum groups, Landau levels and the quantum 
eflcct which has been the subject of study in several 
[2-4]. In our previous work [5] wc studied the 
‘Pplicaiion o f  quantum groups in gauge field theories.
* Co
U s in g  ( 4 )  an d  ( 5 )  it is ea sy  to  s h o w  th a t th e  fo l lo w in g  
c o m b in a lio n s  o f  the m a g n e tic  tra n s la tio n  o p e ra to rs  sa tis fy  the
su^ ( 2 )  a lg e b r a :
; +  =
H '(fl) +  H '(ft)  
q ~ q ~ ^
> -  =  -  -1
q - q
(6 )
(7)
0
where '^ =  w (fr -  fl) = ; ,  an d  </ =  « p |^ « ; r — j .  <p an d  <P„ are
the m a g n e tic  f lu x  th ro u g h  th e  u n it  c e ll and  th e  q u a n tu m  o f  th e  
f lu x  res p ec tive ly .
1 h  
<p =  - B . ( a x b ) ,  <Po =  - -
2 e
(8)
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T h e  ( 2 )  a lg e b ra  is th e  r /-d e fo rm a t io n  o f  the  l ie  a lg e b ra  s u  
( 2 )  [ 6 - 9 ] .  I ’h e  g e n e ra to rs  o f  th e  ( 2 )  a lg e b ra  s a t is fy  th e  
c o m m u ta t io n  re la t io n s
T h u s , w e  o b s e rv e  th a t th e  H a r p e r  H a m il to n ia n  operator k  
g e n e ra to r  o f  th e  ( 2 )  a lg e b ra . I f  th e  e ig e n v a lu e  o f i s
Ml 7 /  y \
e ig e n v a lu e  o f ) ,  w i l l  b e  ± e   ^ , w i t h  ^  =  e x p  I - j l
[ ; o y ± ] = ± 7 ± . (9 ) U s in g  ( 1 7 )  o r  its  e q u iv a le n t ,
h
(1 0 )
T ( w ( r ) )  =  < 5 ,0 . (21)
q ~ q o n e  ca n  s h o w  that
W c  o b s e rv e  th at ( 4 ) ,  ( 5 )  an d  the s u  ( 2 )  a lg e b ra  are  in v a r ia n t
X w ( a ) l = r ( y , )  =  0 .u n d e r  fo l lo w in g  tra n s fo rm a tio n s T ( w ( b - a ) )  =  T
v i ( « )  —> ,i? (7 )> v (r /) . (1 1 )
T h is  re s u lt  is a ls o  o b ta in e d  fro m  ( 9 )  an d  ( 1 0 )  d ircc liv  A
wi-a)  - >  ' ( y )  w’( -^ v ) , (1 2 ) s tra ig h tfo rw a rd  c a lc u la t io n  s h o w  th a t th e  e ig e n v a lu e s  ol H have: 
e x p o n e n t ia l fo rm  (s e e  fo r  e x a m p le ,  e q . ( 1 8 ) ) .  T o  obtain the
o r  e q u iv a le n t ly  : e ig e n v a lu e s  o f / / ,  w c  n o te  th a t
(1 3 ) ( i )  is a fu n c t io n  o f  < y -d c fo n n a iio n  p a ra m e te r  y  and (he 
q u a n tu m  n u m b e r  m.  U  a ls o  has e x p o n e n t ia l fo rm  and saiisliv^
1 - - ^  f i ' \ Y ) . i -  • (1 4 )
cq . (2 2 ) .
F ro m  m a th e m a t ic a l p o in t  o f  v ie w , i f  a se ries  o f  funcU(\ns
J: - >  J. ■ (1 5 )
1
2 . A r e a s  d is t r ib u t io n  o f  c lo s e d  r a n d o m  w a lk s n -|
B c ll is s a rd  ct al [ 1 0 ]  d e r iv e d  the  d is t r ib u t io n  o f  a reas  o f  c lo s e d  
ra n d o m  w a lk s  u s in g  n o n e o m m u ta liv e  g e o m e try . T h e  H a rp e r  
m o d e l H a m ilto n ia n  [ 1 11 is g iv e n  b y
H  =  .
|„ |-i
W e  d c l in c  th e  tra c e  p e r  u n it  a re a  su ch  th a t 
U s in g  ( 1 6 )  an d  ( 1 7 )  it is e a s y  to  see th a t
T { H ^ )  = I
/ ( lo M  i l  /u i ths of  len gt h N
(1 6 )
(1 7 )
(18)
w h ic h  is e x a c t ly  th e  sa m e as the  o n e  o b ta in e d  in [ 1 0 |. T h e  su m  is 
o v e r  th e  set o f  c lo s e d  p a th s  s ta r t in g  at th e  o r ig in  o f  le n g th  N  I f
be th e  n u m b e r  o f  su ch  c lo s e d  p a th s , w e  h a v e  [ 10 ] :
c o n v e rg e  fo r  an y  x in  s o m e  in te r v a l ,  th e n  th is  senes is Im iie  and 
IS a fu n c tio n  o f  a', / ( a ) =  A  m ean s that ihcic w
a c lo s e d  e x p re s s io n  fo r  th is  se ries . T h e  im p o rta n c e  ol a sciils 
( e . f f .  a s o lu t io n  o f  a  g iv e n  d i f f e r e n t ia l  e q u a t io n )  lies in iis 
c o n v e rg e n c e . F o r  e x a m p le ,  i f  f  b e an  in te g e r , (he senes
e x p a n s io n s  o f  th e  s o lu t io n  o f  th e  L e g e n d r e  e q u a tio n  l \  ( \ ) and 
Q, (x) c o n v e rg e  an d  th e y  c o n v e r t  to  p o lj^ n o m ia ls .
W e  k n o w  th a t th e  e n e rg y  o f  a  p h y s ic a l sy s te m  m ust he liiiiii. 
th e re fo re  th e  se ries  (6 )  in  [9 ]  c o n v e rg e  an d  th ere  is a elnsal 
e x p re s s io n  fo r  th e  s p e c tru m  o f / / .  O n  th e  o th e r  hand, we kinnv 
th a t th e  o p e ra to rs  a n d ) .  o f  aw( 2 )  a lg e b ra  d o  not corn inuic and 
ca n  n o t h a v e  c o m m o n  e ig e n v e c to rs  b u t th e ir  eigenvalues arc 
the  s a m e . T h e r e fo r e ,  th e re  is no  p ro b le m  i f  the eigenvalues ol 
the  o p e ra to rs  j_ an d  /^ . o f  sii^^  ( 2 )  a lg e b ra  d e p e n d  on (he same 
q u a n tu m  n u m b e r  m .
( i i )  W e  k n o w  the  e ig e n v a lu e s  o f / / ,  in  th e  l im it  o f  large /V [ J 0|
/l, N J
• N
(1 9 )
F ro m  (6 ) ,  ( 7 )  an d  ( 16 )  w e  o b ta in  
H  =  w { a )  w ( b )  +  w { - a )  +  w i - b )  - 2 { q - q ~ ' ) J ^  . (2 0 )
T h e r e fo r e ,  w e  can  w r ite  
E„,  =  ± e"«  ( Y ) .
W e  c h o o s e  « , „ ( 7 )  =  - n i ^  +  h ( Y ) , th e n  w e  have  
4
(24|
(25)
E „ = ± f i Y ) e
w h e re  / ( y )  =  e x p  ( y ) ) .  A  m o r e  e x p l ic i t  ca lcu la tio n  can Hi
An appropriate candidate for exact distribution of closed random walks etc 475
joiind in A pp en d ix  A . W e  can determ ine f ( y )  using N  is also derived by B e l)issard [10 |. From  (1 9 ) and (32 ), we
innii. then we w il l  have have
T
E„, = ± 4 c o s n ^ = n H ^ )  ^  cos'^ 'r=o 27tN \ N (34)s in h (^ )J  (26)
Th is  gives the total num ber o f  d osed  paths o f  length N.  In 
\Vc have chosen f i y )  su chtha t lim it is correctly ‘ 6c lim it ol large N , we have
i)b(.iinctl:
/ ( y )  =  2
iinh(tt)
+  <l
I
(27)
By introducing Ihe new  variab le  f  as
ni = 2 f + l ,  (28)
wi' h;ivc
I ,\|);inding fo r sm all values o f  y , y 0 ,  we obtain
2
= ± 4  l - ( 2 f  +  l )  ^ + [ ( 2 f + l ) - + l ] - ^ — - 6 » ( y ' )  ,(3 0 )
nhich kiic the eigenvalues used by B cllissard [10 ]. N o w  Y '(/7 ^ )
is by
(31)
\\liuic y =  - -  IS the m u ltip lic ity  per un it area. Th is  leads to
7 '( t f '^ )  =  -
,yv+i
2nr/V  s i n h ( i j ‘'“  ^ ( V s in h ( i ) J ’
even N.  Th is  g ives us the exact characteristic function for 
distribution o f  area. In  the l im it  o f  large A , w e obtain
4^+1 A
1- - (if
2 /t A  $ i n h ( | )  2 A  s in h ^ (]-)
4^^ ' f .  (  I
T t T ^ V T ^ N j j - (35)
(a)
(b)
f  1 F igu re  1. The exact and approximate d is tribu tion  for areas o f closed
1 random paths. The exact d is tribu tion  is plotted fo r iV = 16 The solid
points were obtained through exact enumerations [ 1 2 ].
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U s in g  ( 1 9 ) ,  ( 3 2 ) ,  ( 3 4 )  an d  ih e  n o r m a liz a t io n  c o n d it io n , w c  
c a n  o b ta in  a sc ries  e x p a n s io n  fo r  the  p r o b a b il ity  d is tr ib u t io n  :
PKf{a)  = -------- V  V  V
n N
( - 1 )  6 ; N 1 {
U '
m  + k 2ni  -h 2 
2 (
l«J
( 9 ]  
1101 
f i l l
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w h e re  a  is th e  r c n o r n ia l i /c d  a re a  an d  A  is th e  a lg e b ra ic  a re a .
W e  h a v e  p lo tte d  f \ { a )  as g iv e n  b y  eq . ( 3 6 )  a g a in s t e x a c t  
e n u m e ra t io n  | 12 ] in  F ig u re  1. In  the s u m m a tio n  o l eq . ( 3 6 )  w e  
h a v e  a l lo w e d  m  to  ra n g e  f r o m  0  to  2  a n d  k  f ro m  0  to  7 (X )0  fo r  
F ig u re  1 (a )  an d  fro m  0  to  6 ()()0 ()  fo r  F ig u re s  1 (h ) an d  (c )  
C o m p a r in g  F ig u re s  1 ( a )  an d  (b ) ,  w e  f in d  th a t a b e tte r  ic s u lt  w i l l  
he o b ta in e d  i f  w c  in c re a s e  the ra n g e  o f  s u m m a tio n  o v e r  A. T h e  
sam e s ta te m e n t is a lso  tru e  lo r  m.  m  -  0  an d  //; =  1 g iv e  the eq . ( 9 )  
m  1 1 0 1 an d  the ~  c o rre c t io n  te rm  m a d e  b y  th e m  re s p e c tiv e ly .  
S o m e  o l the c o e ll ic ie n ts  are p re s e n te d  in A p p e n d ix  B .
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